ABSTRACT. We prove that each positive power of the maximal ideal of a commutative Noetherian local ring is Tor-rigid, and strongly-rigid. This gives new characterizations of regularity and, in particular, shows that such ideals satisfy the torsion condition of a long-standing conjecture of Huneke and Wiegand.
INTRODUCTION
Throughout R denotes a commutative Noetherian local ring with unique maximal ideal m and residue field k, and all R-modules are assumed to be finitely generated.
In this paper we are motivated by the following result of Levin and Vasconcelos: [4, 2.9] . While proving Theorem 1.2, we have discovered that we can extend the result of Levin and Vascencelos by considering nonzero modules of the form mM ⊗ R N: at the end of Section 2, we will observe that each such module is isomorphic to mC for some R-module C, and we will prove the following: Proposition 1.6. Assume R is not Artinian and let n ≥ 1 be an integer. Then the following conditions are equivalent:
PROOF OF THE MAIN RESULT AND CONSEQUENCES
We start by recalling some definitions.
) M is Tor-rigid provided that the following holds: whenever N is an R-module with Tor
) M is strongly-rigid provided that the following holds: whenever N is an Rmodule with Tor R n (M, N) = 0 for some n ≥ 1, one has that pd R (N) < ∞. Let us point out that, it is not known whether strongly-rigid modules are Tor-rigid; see [11, Question 2.5] . In general it is quite subtle to determine whether a given module is strongly-rigid or Tor-rigid, but various characterizations of local rings have already been obtained in terms of such classes of modules. For example, existence of a nonzero Tor-rigid module of finite injective dimension forces the ring to be Gorenstein; see [11, 4.13 
The following, straightforward albeit quite useful, observation is implicit in [9] .
. By Nakayama's lemma, we conclude that im(∂ n+1 ) = 0, i.e., ∂ n+1 = 0.
We can now use 2.2 and prove our main result:
Proof of Theorem 1.2. We will only prove the statement about the vanishing of Tor; the one about Ext follows similarly.
Note that depth R (m j M) ≥ 1 for any j ≥ 0. Hence it suffices to consider the case where t = 1 and n ≥ 1. Assume Tor R n (mM, N) = 0, and consider the exact sequence 0
This yields the exact sequence 0 = Tor , N) , which shows that Tor R n (M, N) has finite length. Tensoring X with the short exact sequence 0 → m t → R → R/m t → 0, we conclude that there is an injection Tor We finish this section by showing that modules of the form mM ⊗ R N is strongly-rigid and Tor-rigid. This will allow us to establish Proposition 1.6 advertised in the introduction. It follows that we have the surjection: m ⊕a = mR ⊕a ։ mM. Tensoring this surjection with N, we obtain another surjection: m ⊕a ⊗ R N ։ mM ⊗ R N. Consequently, we have the following isomorphisms and surjective maps:
Therefore, there is an R-submodule C of mR ⊕ab such that
The rigidity property (mentioned preceding Proposition 1.6) of nonzero modules of the form mM, in view of 2.8, yields: 
If Tor

